A novel type of charged excitation, known as a Skyrmion, has recently been discovered in quantum Hall systems with filling factor near ν = 1. A Skyrmion-which can be thought of as a topological twist in the spin density of the electron gas-has the same charge as an electron, but a much larger spin. In this review we present a detailed theoretical investigation of the optical properties of Skyrmions. Our results provide means for the optical detection of Skyrmions using photoluminescence (PL) spectroscopy. We first consider the optical properties of Skyrmions in disordered systems. A calculation of the luminescence energy reveals a special optical signature which allows us to distinguish between Skyrmions and ordinary electrons. Two experiments to measure the optical signature are proposed. We then turn to the optical properties of Skyrmions in pure systems. We show that, just like an ordinary electron, a Skyrmion may bind with a hole to form a Skyrmionic exciton. The Skyrmionic exciton can have a lower energy than the ordinary magnetoexciton. The optical signature of Skyrmions is found to be a robust feature of the PL spectrum in both disordered and pure systems.
Introduction
Imagine piercing a sphere with arrows pointing in a direction normal to the surface of the sphere. Then imagine stereographically projecting the surface of the sphere onto a flat plane, keeping the direction of the arrows fixed. The resulting distribution of arrows in the plane is a vector field with a peculiar twist known as a Skyrmion.
Skyrmions were introduced by T. H. R. Skyrme 1 in 1958 as a way of representing the nucleon in terms of the underlying pion field. During the following decades most interest for Skyrmions came from nuclear physicists and particle physicists. That changed a few years ago when S. L. Sondhi, A. Karlhede, S. A. Kivelson, and E. H. Rezayi 2 -building on earlier work by D. H. Lee and C. L. Kane 3 -predicted the existence of Skyrmions in a two-dimensional (2D) electron system subjected to a perpendicular magnetic field of a particular strength. The strength of the magnetic field is such that the filling factor ν = 2πℓ 2 n s (where ℓ = hc/eB is the magnetic length and n s is the electron density) is equal to an odd integer (ν = 1, 3, 5, . . .). Under these conditions the 2D electron system exhibits the well-known (integer) quantum Hall effect. Skyrmions occuring in a 2D electron system subjected to a magnetic field have thus become known as "quantum Hall" Skyrmions.
The first experimental evidence for quantum Hall Skyrmions was obtained by Barrett, Dabbagh, Pfeiffer, West, and Tycko 4 . They used nuclear magnetic reso-
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In this review we give a detailed account of the optical properties of quantum Hall Skyrmions. In particular we address the question of how the optical properties of Skyrmions differ from those of ordinary electrons. Our aim is to provide means for the optical detection of Skyrmions using PL spectroscopy. Brief accounts of parts of this work have been published elsewhere 17, 18 .
The paper is organized as follows. In Sec. 2 we review the variational description of Skyrmions proposed by Fertig, Brey, Côté, and MacDonald 8 . This approach is very useful for discussing the optical properties of Skyrmions. We also review three key experiments that have given evidence for the existence of Skyrmions at ν = 1. In Sec. 3 we give an overview of the PL experiments that have been carried out on quantum Hall systems, and recall what information these experiments provide. We reproduce the PL spectrum that is experimentally observed near ν = 1 and explain its basic features in terms of a simple model. Sections 4 and 5-which make up the main part of the paper-are concerned with the optical properties of quantum Hall Skyrmions in disordered and pure systems, respectively. The main results of the paper are summarized in Sec. 6.
Skyrmions in Quantum Hall Ferromagnets
Consider a 2D electron gas lying in the x-y plane and subjected to a perpendicular magnetic field B = Bẑ. The physical properties of the 2D electron gas depend sensitively on the filling factor ν. The filling factor is the ratio between the number of electrons and the orbital degeneracy of a Landau level. Here we consider systems for which the filling factor is an odd integer: ν = 1, 3, 5, . . .. We focus in particular on the filling factor ν = 1 for which only the lowest Landau level is occupied. In the symmetric gauge with vector potential A = 
where r = (x, y) is the position of the electron in the plane, r = x 2 + y 2 is the magnitude of r, and φ = arctan(y/x) is the angle between r and the x axis. The ground state of the 2D electron gas at filling factor ν = 1 is |0 = ∞ m=0 e † m↑ |vac , where |vac is the empty conduction band, and e † m↑ creates a spin-↑ electron in the state φ m (r). Thus the 2D electron gas at filling factor ν = 1 is a ferromagnet, with all electron spins aligned parallel to the magnetic field a . The ground state of the 2D electron gas at higher odd-integer filling factors (ν = 3, 5, . . .) is also a ferromagnet, in which the lowest ν spin-↑ Landau levels and the lowest (ν − 1) spin-↓ Landau levels are completely filled, and all other Landau levels are empty. In the following we study the elementary charged excitations of a 2D electron gas at ν = 1. With a few modifications, the results also apply to the higher odd-integer filling factors ν = 3, 5, . . ..
Elementary charged excitations at ν = 1
The elementary charged excitations of a 2D electron gas at ν = 1 are the excitations obtained by adding or removing an electron from the state |0 . One must keep in mind that at filling factor ν = 1 adding an electron is equivalent to removing a flux quantum Φ 0 = hc/e, while removing an electron is equivalent to adding a flux quantum 20 . The elementary charged excitations are eigenstates of the Hamiltonian H = Z + V ee , where
m (e † m↓ e m↓ + e m↑ e † m↑ ),
a The spins are parallel to the magnetic field-instead of antiparallel, as for free electrons-because the Landé g factor is negative in GaAs. 
Here σ is the spin of an electron (σ = ↑ or ↓), and V ee mm ′ m ′′ m ′′′ is a matrix element of the electron-electron interaction V ee (r) = e 2 /ǫr, where ǫ is the background dielectric constant. We have taken the energy of the state |0 as the zero of our energy scale. The nature of the elementary charged excitations is determined by the interplay between the Zeeman energy Z and the electron-electron interaction V ee . It is convenient to introduce the parameter g = 1 2 |g e |µ B B/(e 2 /ǫℓ), which is the ratio of the Zeeman energy 1 2 |g e |µ B B to the typical Coulomb energy e 2 /ǫℓ. For noninteracting electrons (g = ∞) the elementary charged excitations are spin-↓ electrons (e † m↓ |0 ) and spin-↑ holes (e m↑ |0 ). For large but finite g the electron-electron interaction can be treated using perturbation theory. Because V ee contains no terms that flip the spin of an electron, the elementary charged excitations at large g still have spin 1 2 . However, as g is lowered the nature of the elementary charged excitations changes dramatically-they become Skyrmions.
Skyrmions are twists in the spin density of the 2D electron gas. Figure 1 shows a slice of the spin profile of a Skyrmion along the x axis. The full spin profile is obtained by rotating the slice around a vertical axis through x = 0 (the z axis). Figures 1(a) and 1(b) show the spin profile of a negatively and a positively charged Skyrmion, respectively. The spin points down at the center of the Skyrmion (x = 0). As one moves radially outward the spin rotates smoothly until it points up at the edge of the Skyrmion (x = ±λ). To understand the connection between the sense of the spin twist and the charge of the Skyrmion we trace the spin along a circular path lying in a plane perpendicular to the paper (the x-y plane) that encloses the center of the Skyrmion. For the negatively charged Skyrmion shown in Fig. 1(a) the spin precesses as if a magnetic flux −Φ 0 had been inserted at the origin. Since at ν = 1 removing a flux quantum is equivalent to adding an electron, the spin twist in Fig. 1(a) has charge −e. For the positively charged Skyrmion shown in Fig. 1(b) the spin precesses in the opposite sense yielding an excitation with charge +e.
Variational approach to Skyrmions
Because Skyrmions have a spin much larger than 1 2 one cannot calculate their energy by starting from the noninteracting case and treating V ee using perturbation theory. A similar situation arises in superconductivity, where the energy of the superconducting state cannot be obtained from the normal state by treating the pairing interaction between the electrons using perturbation theory. The BCS treatment of the superconducting state provides a clue for the description of Skyrmions. The variational states proposed by Fertig, Brey, Côté, and MacDonald 8 are
The state |ψ − (|ψ + ) describes a positively (negatively) charged Skyrmion localized at the origin of the x-y plane b . The state |ψ − (|ψ + ) is analogous to the BCS state 22 , except that the pairing now occurs between a spin-↓ electron (spin-↑ hole) in the mth angular momentum state and a spin-↑ hole (spin-↓ electron) in the (m + 1)th angular momentum state of the lowest Landau level.
The energy of the Skyrmion is obtained by minimizing the expectation value of H in the state |ψ ± , subject to the constraint |u m | 2 + |v m | 2 = 1. Figure 2 shows the energy and spin of a negatively charged Skyrmion as a function of the parameter g. The energy of a spin-1 2 quasielectron is also shown for comparison. A positively charged Skyrmion has the same energy (up to a g-independent constant) and spin as a negatively charged Skyrmion 8 . The size of the stable spin twist is determined by a competition between the Zeeman energy, which opposes spin flips (and hence tries to minimize λ), and the exchange interaction, which favors a gradual spin reversal (and therefore tries to maximize λ). At large g the energy cost of flipping spins is prohibitive and the lowest energy excitation is a spin-1 2 quasiparticle. As g is lowered the size of the Skyrmion increases and its energy falls below that of a spin-1 2 quasiparticle. Near g = 0 the Skyrmion becomes a macroscopic object whose size is determined by the sample boundary.
Experimental evidence for Skyrmions
The first experimental evidence for large-spin charged excitations near ν = 1 was obtained by Barrett, Dabbagh, Pfeiffer, West, and Tycko 4 using an optically pumped NMR technique. By measuring the Knight shift of 71 Ga nuclei embedded in a quantum well these authors were able to determine the degree of spin polarization of the 2D electron gas as a function of the filling factor ν. If the charged excitations were spin-1 2 quasiparticles one would expect the spin polarization to remain constant for ν < 1, and decline gradually for ν > 1. Instead, Barrett and coworkers observed a rapid decrease of the spin polarization on both sides of ν = 1. This is consistent with positively and negatively charged excitations of large and equal spin-i.e. Skyrmions.
Further evidence supporting the existence of Skyrmions at ν = 1 was provided by Schmeller, Eisenstein, Pfeiffer, and West 5 . They performed activated magnetotransport measurements of the energy gap ∆ for creating a pair of quasiparticles at ν = 1. The energy gap is found from the temperature dependence of the longitudinal resistance using R xx = R 0 exp(−∆/2k B T ). The spin s of the quasiparticle pair is obtained by measuring the change in ∆ produced by tilting the total magnetic field B tot away from the normal to the 2D plane (while keeping the perpendicular field B ⊥ constant). The energy gap is given by
The first term, ∆ 0 (B ⊥ ), is the contribution to the energy gap from V ee . For an b The subscript ± on |ψ ± denotes the sign of the topological charge Q = ±1. The electric charge is given by −Qe.
infinitely thin 2D electron gas this term only depends on the perpendicular field controlling the orbital motion. The second term is the Zeeman energy of the quasiparticle pair. According to Eq. (6) the slope ∂∆/∂B tot at constant B ⊥ is just s|g e |µ B . Schmeller and company measured the variation of ∆ with B tot in GaAs quantum wells at several odd-integer filling factors. At ν = 3 and ν = 5 they observed slopes with s = 1, as expected for a pair of spin-1 2 quasiparticles. However, at ν = 1 they observed a much larger slope with s ≈ 7. This implies that the quasiparticles at ν = 1 (but not those at ν = 3 and ν = 5) are Skyrmions with a spin of approximately 3.5.
Evidence for Skyrmions at ν = 1 was also obtained by Aifer, Goldberg and Broido 6 using interband optical transmission spectroscopy. Their experiment consisted of a measurement of the absorption coefficients for right and left circularly polarized (RCP and LCP) light as a function of filling factor between ν = 0.6 and ν = 1.4. In a simple model 6 the absorption coefficient for RCP (LCP) light is proportional to the number of available (i.e. 
PL Spectroscopy of Quantum Hall Systems
Spectroscopic methods based on the radiative recombination of 2D electrons with photoexcited holes have developed into a powerful tool for studying the quantum Hall effect. Optical measurements can give information about fundamental aspects of quantum Hall systems. For example, photoluminescence (PL) and photoluminescence excitation (PLE) measurements yield transition energies, polarization studies are sensitive to the electron spin, and ultrafast pump-and-probe experiments monitor carrier relaxation processes on a sub-picosecond timescale. In this work we consider the PL spectroscopy of quantum Hall systems near ν = 1.
Intrinsic and extrinsic PL
PL studies of quantum Hall systems can be divided into two types according to the experimental setup employed. Intrinsic PL experiments study the recombination of 2D electrons with photoexcited holes in standard GaAs/Ga 1−x Al x As heterojunctions and quantum wells 23, 24, 25, 26 . Figure 3 shows the band diagram of a one-side modulation-doped GaAs/Ga 1−x Al x As quantum well. The structure con-sists of a GaAs layer sandwiched between two Ga 1−x Al x As barriers. Only the left Ga 1−x Al x As barrier is doped, leading to an asymmetric band profile. The energy spectrum in the absence of a magnetic field consists of a series of conduction and valence subbands 27 . Only the lowest conduction subband (E 0 ) and the highest valence subband (HH 0 ) are shown in Fig. 3 , along with the corresponding z wave functions. The electrons are confined near the interface between the GaAs layer and the left Ga 1−x Al x As barrier, while the holes are confined on the opposite side of the well, near the interface between the GaAs layer and the right Ga 1−x Al x As barrier. The dotted lines indicate the average positions of the electrons and holes along z. For simplicity we consider a model in which the electrons and holes are confined to infinitely thin planes separated by a distance d. This amounts to approximating the z wave functions by δ functions. The effect of the finite extent of the z wave functions on the PL spectrum is discussed in Sec. 4.7.
Extrinsic PL experiments utilise specialized structures, in which a δ-doped layer of acceptors is grown into the GaAs at a certain distance from the Ga 1−x Al x AsGaAs interface 28, 29, 30 . The recombination studied in extrinsic PL is between a 2D electron and a hole bound to an acceptor in the δ-doped layer. Extrinsic PL is quite different from intrinsic PL because the acceptor is charge neutral in the initial state. The type of PL considered in this work is intrinsic PL.
An intrinsic PL experiment consists of three stages. In the first stage electrons are promoted from the GaAs valence band into the GaAs conduction band by a pump laser tuned below the Ga 1−x Al x As band gap. Pump intensities are kept low (< 10 −4 Wcm −2 ) to prevent heating of the electron gas. In the second stage the photoexcited carriers relax to the lowest energy state within their respective energy bands. The intraband relaxation takes place on a timescale (picoseconds) which is short compared to the radiative recombination time (nanoseconds). In the third stage the photoexcited holes recombine with either photoexcited electrons or 2D electrons. Recording the number of emitted photons of frequency ω and polarization α (α = +1 for RCP and α = −1 for LCP) yields the (polarization-resolved) PL spectrum P α (ω).
PL spectrum
According to the Fermi Golden Rule, the PL spectrum is given by
Here |i (|f ) is the initial (final) state before (after) recombination, n i is the occupation of initial states, and L α is the luminescence operator (given further below). The energy ω of the emitted photon is equal to the difference between the energy of the initial state (E i ) and the energy of the final state (E f ). Assuming complete relaxation of the photoexcited carriers prior to recombination, the occupation of initial states is n i = 1 Z e −Ei/kB T , where Z = i e −Ei/kB T is the partition function at temperature T . PL studies of quantum Hall systems are done at temperatures as low as T = 0.1 K (corresponding to an energy of about 0.01 meV). At these temperatures only the initial state with the lowest energy, |i 0 , has significant occupation. Setting n i = δ i,i0 in Eq. (7),
where E i0 is the energy of the state |i 0 . As compared to the ground state |0 , the initial state |i 0 has one more negatively charged excitation in the conduction band and a hole in the valence band. Provided the hole does not significantly perturb the electron gas, the negatively charged excitation is precisely the one studied in Sec. 3.1. We may therefore expect to see a signature of Skyrmions in the PL spectrum at ν = 1. Polarization-resolved PL studies of GaAs/Ga 1−x Al x As quantum wells and heterojunctions in the quantum Hall regime have been reported by Goldberg et al.
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The PL spectra in wide quantum wells (with well widths of 400-500Å) and single heterojunctions have the following features:
(i) There is a RCP line and a LCP line on the low-B side of ν = 1, and only a LCP line on the high-B side. (ii) The LCP line has an abrupt redshift as the magnetic field is increased past ν = 1.
The important features of the PL spectrum near ν = 1 can be explained using a simple model 31, 32 in which the electrons occupy the lowest Landau level of the E 0 conduction subband, and the holes occupy the highest Landau level of the HH 0 valence subband (see Fig. 3 ). The electrons have spin ↑ or ↓, and the holes have m j = ± In the LCP transition a spin-↑ electron recombines with a m j = + . The spin-↓ electron and the valence hole in the initial state at ν = 1 will bind to form an interband exciton. This means the initial state at ν = 1 has a lower energy than the initial state at ν = 1 − , which has an unbound valence hole. The energy difference is ∆E i = −B X , where B X is the binding energy of the interband exciton 32 . Similarly, the spin-↓ electron and the spin-↑ hole in the final state at ν = 1 will bind to form a spin wave. Hence the final state at ν = 1 has a lower energy than the final state at ν = 1 − , which has an unbound spin-↑ hole. The energy difference between the final states is ∆E f = −B SW , where B SW is the binding energy of the spin wave 32 . The shift of the LCP luminescence line is given by ∆ω = ∆E i − ∆E f = B SW − B X . Because the spin-↓ electron and the valence hole are spatially separated along z, while the spin-↓ electron and the spin-↑ hole are both in the same plane, the spin wave has a larger binding energy than the interband exciton. Hence the LCP line shifts to lower energies (redshift) as the magnetic field is increased past ν = 1.
Optics with Skyrmions in Disordered Systems
The simple model discussed in Sec. 3.3 is based on a quasiparticle picture of the charged excitations at ν = 1. What if the charged excitations were Skyrmions, instead of spin- Besides being of interest for the PL spectrum at ν = 1, these questions are also of broader relevance to the optical properties of quantum Hall systems at other filling factors. The ν = 1 state serves as a prototype for spin-polarized states at higher odd-integer filling factors (ν = 3, 5, . . .), and, via the composite-fermion picture 33 , also for spin-polarized states at fractional filling factors (ν = can be regarded as Skyrmions of composite fermions. An understanding of the recombination spectrum at ν = 1 could therefore provide important clues about the recombination spectrum of spin-polarized states at other filling factors. We start our investigation of the optical properties of Skyrmions with a study of disordered systems. The localization of the photoexcited hole by the disorder potential considerably simplifies the mathematical treatment of the initial state. The optical properties of Skyrmions in pure systems are discussed in Sec. 5.
Sources of disorder
Sources of disorder in a modulation-doped quantum well of the type shown in Fig. 3 include:
• Ionized impurities in the doped layer.
• Residual impurities in the undoped layers.
• Roughness of the interface between the GaAs and Ga 1−x Al x As layers.
• Fluctuations in the alloy composition of the Ga 1−x Al x As layers.
To model the disorder we introduce disorder potentials V e (r) and V h (r) acting on the electrons and holes, respectively. The dominant contribution to V e (r) comes from ionized impurities in the doped layer. To achieve a higher electron mobility an undoped spacer layer is grown between the doped layer and the GaAs well (see Fig. 3 ). The ability to spatially separate the electrons from the donor impurities accounts for the extremely high mobilities achieved in modulation-doped heterostructures when compared to bulk semiconductors. The larger separation between the doped layer and the holes reduces the contribution of this type of disorder to V h (r).
Disorder due to interface roughness is expected to dominate V h (r). The holes are confined near the so-called "inverted" interface (i.e. GaAs grown on top of Ga 1−x Al x As) which is known 34 to have a higher degree of disorder than the "normal" interface (Ga 1−x Al x As on top of GaAs). It was, in fact, the difficulty of growing a smooth inverted interface that prompted the introduction of the one-side modulation-doped quantum well 35 . Doping only on the side of the normal interface pulls the electrons away from the inverted interface 36 , thus significantly reducing the contribution of this type of disorder to V e (r).
In the following we neglect V e (r) compared to V h (r). This is reasonable given the very high mobility of the samples used in recent experiments 23, 25 . Note that V h (r) does not affect the mobility because no holes are present prior to illumination.
Initial state in a disordered system
Consider the optical recombination of a Skyrmion with a hole localized near a minimum in V h (r). We choose the location of the minimum as the origin of our coordinate system. Provided the disorder potential varies slowly on the scale of ℓ, the hole is in the m = 0 state. The Skyrmion also becomes localized near the origin due to the Coulomb attraction between the Skyrmion and the hole. Assuming complete energy relaxation prior to recombination, the initial state is given by
The parameters u m and v m are determined by minimizing the expectation value of
is the energy of the hole c , where E g is the bandgap at zero magnetic field, µ = m e m h /(m e + m h ) is the reduced mass, and g h is the Landé g-factor for the hole. Z and V ee are given by Eqs. (2) and (3), respectively, and
is the electron-hole interaction. Here V eh mm ′ m ′′ m ′′′ is a matrix element of V eh (r) = e 2 /ǫ|r +ẑd|, where d is the separation between the electron and hole planes along z (see Fig. 3 ).
To evaluate the expectation value we use the relations
The first (second) relation gives the probability of finding an electron with spin ↓ (↑) in the mth angular momentum state. We define u −1 ≡ −1 and v −1 ≡ 0 to account for the definite occupation of the m = 0 state by a spin-↓ electron. The third relation expresses the pairing correlation between a spin-↓ electron in the (m + 1)th angular momentum state and a spin-↑ electron in the mth angular momentum state. With the aid of these relations we find
where
c Recall that we have chosen the energy of the state |0 as the zero of our energy scale.
The expectation value of H is the sum of six terms. The first term is the energy of the hole. The second term (U Z ) is the Zeeman energy of the Skyrmion. Since u m → 0 and v m → 1 when m → ∞ the sum over m converges. The third term (U H ) has contributions from the direct Coulomb interaction among the electrons (Hartree energy), the Coulomb interaction between the electrons and the positive background, and the Coulomb energy of the positive background itself. The fourth term (U ex ) is exchange interaction between electrons of parallel spin. The factor of −1 inside the parentheses comes from subtracting the exchange energy of the state |0 . The fifth term (U sk ) is the correlation energy which arises from the pairing of a spin-↓ electron in the (m + 1)th angular momentum state with a spin-↑ electron in the mth angular momentum state. Finally, the sixth term (U eh ) is the Coulomb interaction between the electrons and the hole.
The results of a numerical minimization of i 0 |H|i 0 are shown in Fig. 6 . Figure 6(a) shows the difference between the minimized energy of the state |i 0 (consisting of a Skyrmion and a hole) and the energy of the state e † 0↓ h † 0mj |0 (consisting of an spin-↓ electron and a hole against a ν = 1 background). Figure 6 (b) shows the corresponding difference in spin between the two states. The energy and spin of the Skyrmion are determined by three competing effects. As in Fig. 2 the Skyrmion shrinks with increasing Zeeman coupling. The difference between the state |i 0 and the state |ψ + is the presence of the photoexcited hole. The electron-hole interaction favors a charge distribution for the electrons that is strongly peaked in the vicinity of the hole and therefore Skyrmions of small size. Bringing the hole closer to the electron plane increases the strength of the electron-hole interaction, thereby reducing the Skyrmion size. Upon decreasing g at a fixed value of d there is a threshold to Skyrmion formation. When the hole is far away from the electron plane (d = ∞) the threshold value of g is approximately 0.025. Reducing d lowers the value of g below which Skyrmions form. When the hole comes too close to the electron plane (d < ℓ) there is no Skyrmion formation at any value of g. Thus we may expect to see an optical signature of Skyrmions in wide (d > ℓ) quantum wells, but not in narrow (d < ℓ) wells.
Moments of the PL spectrum
We treat the optical recombination in the electric-dipole approximation. The lumi-nescence operators for RCP and LCP transitions are given by
respectively, where µ ± is the product of the interband dipole matrix element and the overlap between the electron and hole z wave functions. There is an important difference between the optical recombination of a spin- The PL spectrum is given by Eq. (8) . The detailed line shape is difficult to calculate owing to the complicated nature of the final states containing multiple spin flips. However, the existing PL studies discussed in Sec. 3.3 suggest that the quantity of primary interest is the luminescence energy
The usefulness of moments of the PL spectrum was demonstrated by Apalkov and Rashba 38 in the context of the fractional quantum Hall effect. The luminescence energy (and other moments of the spectrum) can be obtained directly from the initial state |i 0 . Integrating Eq. (8) with respect to ω we obtain
If |i 0 and |f are eigenstates of H (i.e. H|i 0 = E i0 |i 0 and H|f = E f |f ) this can be written as ω α = 2π
We now sum over all final states within the lowest Landau level. This yields the projection operator P = f |f f | onto the lowest Landau level. Since L α , H, and |i 0 are already in the lowest Landau level, the projection operator acts as the unit operator. Hence
Expressions for the other moments can be derived in a similar way. The nth-order moment ω n α = dω ω n P α (ω) is given by 
PL energies
To calculate the energies of the RCP and LCP lines we use Eq. (27) with n = 0, 1 and the initial state given by Eq. (9) . Working out the commutator and applying Eqs. (12)- (14), we find
and
with
The RCP luminescence energy given by Eq. (28) is the sum of three terms. The first term (ε 
In Fig. 7 we show the mean luminescence energy quasielectron ω does not depend on g. Hence a variation of ω with g signals the presence of Skyrmions in the initial state.
Redshift
We now consider the PL spectrum at filling factor ν = 1 − . In the context of the present model-which includes disorder for the hole-the initial state at ν = 1 − is given by |i 0 = h † 0mj |0 . The energy of this state is
Since there are no spin-↓ electrons in the initial state the RCP line is missing from the PL spectrum. The final state after LCP recombination is |f = e 0↑ |0 with energy
Thus the PL spectrum at ν = 1 − consists of a single LCP line at
The redshift of the LCP line is given by the difference between Eq. (29) and Eq. (42) . For a spin- 
For a Skyrmion the redshift does depend on g. Hence a measurement of the g dependence of the redshift provides a way to distinguish between the optical recombination of a Skyrmion and the optical recombination of a spin-
In practice g may be varied by tilting the magnetic field away from the normal to the 2D plane or by applying hydrostatic pressure. The tilted-field method was discussed earlier in Sec. 2.3. While the spin couples to the total field (B tot ), the orbital motion is controlled by the perpendicular field (B ⊥ ). Hence g = g ⊥ / cos θ, where g ⊥ = 1 2 |g e |µ B B ⊥ /(e 2 /ǫℓ ⊥ ) (with ℓ ⊥ = hc/eB ⊥ ), and θ is the tilting angle. Note that tilting the magnetic field increases g. An alternative way of varying g is by applying hydrostatic pressure 7, 39 . The Landé g factor in GaAs (g e = −0.44) differs from the g factor for free electrons (g e = 2.0) due to the mixing between the conduction band and the spin-orbit split valence band. Applying hydrostatic pressure increases the bandgap, thereby reducing the amount of mixing between the two bands. As a result the g factor becomes more free-electron like when pressure is applied. The variation of g e with applied pressure has been calculated by Holmes et al. 39 using k · p perturbation theory. In the pressure range from 0 to 10 kbar they find g e = −0.43 + 0.02p, where p is the pressure (in kbar). Note that |g e | decreases upon applying pressure.
In Fig. 8 we show the calculated variation of the redshift with tilting angle (θ) and applied pressure (p), for a GaAs/Ga 1−x Al x As quantum well with n s = 10 11 cm −2 and a separation of 400Å between the electron and hole planes. Upon tilting the field by 60 o the red shift increases by 0.6 meV, while raising the pressure from 1 to 10 kbar reduces the red shift by 0.4 meV. In both cases the change of the redshift is well within the experimental resolution (typically 0.1 meV).
Finite-size effect
Thus far we have considered a model in which the electrons and the hole are confined to infinitely thin planes separated by a distance d. In reality the electron and hole wave functions have a finite extent along z (Fig. 3) . We now discuss the effect of the finite extent of the z wave functions on the PL spectrum for two particular device designs used in recent experiments: an asymmetric quantum well, and a single heterojunction.
We first consider the tilted-field experiment for an asymmetric quantum well. The parallel component of the magnetic field (B ) causes a diamagnetic shift of the electron and hole subband energies (E 0 and HH 0 ). This leads to an additional θ dependence of the PL energy, which does not occur in the strictly 2D system. For a weak parallel field the diamagnetic shift may be calculated using perturbation theory 40 . The additional θ dependence of the PL energy is then given by
where ∆z e (∆z h ) is the spread of the electron (hole) wave function along z, and ω ce (ω ch ) is the electron (hole) cyclotron energy. For example, if ∆z e = 50Å and ∆z h = 100Å, tilting the field by 45 o at B ⊥ = 4 T increases the PL energy by 0.8 meV. This exceeds the change in ω due to the presence of Skyrmions in the strictly 2D system (Fig. 7) . A measurement of the variation of ω with θ may therefore be less suitable as a means of detecting Skyrmions in an asymmetric quantum well. However, because the subband energies are shifted equally on both sides of ν = 1, the redshift of the LCP line remains unaffected by B . The θ dependence of the redshift hence provides a means of detecting Skyrmions in an asymmetric quantum well.
In a single heterojunction the spread of the hole wave function is different on either side of ν = 1: for ν < 1 the hole is essentially free (large ∆z h ), while for ν > 1 the hole is confined near the electron plane (smaller ∆z h ) due to the formation of an interface exciton 41 . The diamagnetic shift of the hole subband energy (HH 0 ) for ν < 1 then differs from the diamagnetic shift for ν > 1. As a result, the redshift of the LCP line acquires an additional θ dependence given by
where ∆z h> (∆z h< ) is the spread of the hole wave function for ν > 1 (ν < 1). Since ∆z h> < ∆z h< the additional θ dependence leads to a decrease of the redshift with tilt angle, which may overwhelm the increase with tilt angle obtained for the strictly 2D system (see Fig. 8 ). This can explain the decrease of the redshift with tilt angle observed by Davies et al. 42 in their recent experiments on a single heterojunction. The additional θ dependence may be suppressed by applying a gate voltage to the heterojunction, which confines the hole equally on both sides of ν = 1.
The application of hydrostatic pressure also causes shifts in the electron and hole subband energies due to the different pressure dependences of the GaAs and Ga 1−x Al x As bandgaps. This leads to an additional pressure dependence of the PL energy which does not occur in the strictly 2D system. For an asymmetric quantum well the redshift of the LCP line remains unaffected because the subband energies are shifted equally on both sides of ν = 1.
Optics with Skyrmions in Pure Systems
We now turn to a study of the optical properties of Skyrmions in pure systems. The initial state in a pure system is considerably different from that in a disordered system. In the absence of disorder the photoexcited hole is no longer localized near a minimum in the disorder potential. Thus Eq. (9) does not provide an adequate description of the initial state in a pure system.
To get an idea of what the initial state should look like, consider the recombination of ordinary electrons and a holes in a pure system. The initial state in this case is the well-known magnetoexciton 43 . The magnetoexciton has a quantum number P, which plays the role of the total momentum in a magnetic field 44 . The energy spectrum consists of a series of bands E nm (P), where n and m are the Landau-level indices of the electron and the hole, respectively 45 . For an electron and a hole in the lowest Landau level the dispersion is E 00 (P). Momentum conservation allows only magnetoexcitons with P equal to the photon wave vector to radiate. At optical frequencies the photon wave vector may be neglected. The PL spectrum is then determined by the recombination of magnetoexcitons with P = 0.
In light of the above considerations a number of questions arise with regard to the optical properties of Skyrmions in a pure system:
• Can a Skyrmion bind with a hole to form a "Skyrmionic" exciton?
• Does such a Skyrmionic exciton have P as a good quantum number?
• What is the dispersion relation of a Skyrmionic exciton?
• What selection rules apply to the recombination of a Skyrmionic exciton?
Below we aim to answer these questions. We start by exposing the underlying symmetry that is responsible for the conservation of P in a pure system.
Magnetic translation group
Conserved quantum numbers are a consequence of the invariance of a system under a group of symmetry operations. A well-known example is the angular momentum quantum number m, which results from invariance under rotations about the z axis. The symmetry group associated with the quantum number P is the magnetic translation group 46 . Consider a particle of mass m * and charge q in a magnetic field B = Bẑ. Because the vector potential A(r) = In contrast to the ordinary translation group, the magnetic translation group is not Abelian. From the definition of M R one can show that two successive magnetic translations satisfy the commutation relation
where Φ = B · (R × R ′ ) is the flux enclosed by the parallellogram subtended by R and R ′ . Equation (46) lies at the heart of some remarkable phenomena exhibited by charged particles in a magnetic field, such as the Aharonov-Bohm effect 47 , the Hofstadter butterfly 48 , and flux quantization in superconductors 49 . Applying Eq. (46) to infinitesimal magnetic translations yields the commutation relation for the generators of the magnetic translation group:
Because the generators of the magnetic translation group do not commute, the energy eigenstates of a charged particle in a magnetic field can be chosen as eigenstates of either P x or P y (Landau gauge), or as eigenstates of P 2 x + P 2 y (circular gauge), but not as eigenstates of both P x and P y simultaneously. Hence P is not a good quantum number for a charged particle in a magnetic field.
The commutator in Eq. (47) has the opposite sign for particles of opposite charge. The x and y components of P = −i∇ 1 − i∇ 2 + q c A(r 1 ) − q c A(r 2 ) therefore do commute with each other. Hence P is a good quantum number for two particles of opposite charge in a magnetic field. This is the classic result first obtained by Gor'kov and Dzyaloshinskiȋ for an exciton in a magnetic field 44 . Gor'kov and Dzyaloshinskiȋ further showed that P plays the role of the total momentum of the exciton in a magnetic field. This result can be understood in a simple way by considering the exciton not as two separate particles of opposite charge, but as one composite particle of zero charge. The motion of a neutral particle is unaffected by a magnetic field. Hence the center of mass of the exciton moves as a free particle whose energy eigenstates can be characterized by the total momentum P. More generally it can be shown that for a system of N charges with N i=1 q i = 0, the x and y components of
commute with each other. Thus the energy eigenstates of any neutral system of charges may be characterized by a conserved quantum number P.
Variational approach to Skyrmionic excitons
A Skyrmionic exciton consisting of a negatively charged Skyrmion and a hole is a charge neutral object. The Skyrmionic exciton must therefore have P as a good quantum number. Below we construct a variational wave function for a Skyrmionic exciton that has a definite value of P. The initial state consisting of a Skyrmion and a hole localized at the origin [Eq. (9) ] can be written as |i 0 = a † 0 |0 , where
This state is not an eigenstate of P. We construct an eigenstate of P by analogy with the tight-binding method for constructing Bloch states (which are characterized by a wave vector k) from localized atomic orbitals 50 . We first define a state |i R = a † R |0 , where
The state |i R describes a Skyrmion and a hole localized at R. In the absence of disorder the states |i R are degenerate with respect to R. In the context of the tightbinding method this corresponds to the degeneracy of atomic orbitals on different sites. We form an extended state |i P = a † P |0 by taking a linear superposition of localized states whose coefficients are plane waves:
Now consider the transformation properties of |i P under magnetic translation. Magnetic translation of an eigenstate of P gives back the same state multiplied by e −iP·R . Because magnetic translations act as an Abelian group on neutral excitations, M R a † R ′ M R = a † R+R ′ . Using this in Eq. (51) gives
which shows that |i P is an eigenstate of P.
The state |i P = a † P |0 given by Eqs. (49)- (51) describes a Skyrmionic exciton with generalized total momentum P. It has an equal probability of finding the Skyrmion and the hole anywhere in the x-y plane. Because M R commutes with H the states |i P with different P are orthogonal and uncoupled by H. The energy of the Skyrmionic exciton may be obtained by minimizing
The values of u m and v m that minimize the energy will now depend on P. For u m = 0 and v m = 1 we recover the magnetoexciton in the lowest Landau level 45 .
Energy of the Skyrmionic exciton
In this section we give an outline of the calculation of E SX (P) starting from Eq. (53).
The numerical results of the calculation are presented in Sec. 5.4 (for P = 0) and Sec. 5.5 (for nonzero P).
We first calculate the denominator of Eq. (53). Using Eq. (51), the denominator can be written as
where S is the sample area. In the coordinate representation |i 0 is the product of the hole state φ * 0 (r) and a Slater determinant of electron orbitals ψ m (r) = −u m φ m+1 (r)χ ↓ + v m φ m (r)χ ↑ , where χ ↓ and χ ↑ are spin wave functions. Similarly, |i R is the product of the hole state M † R φ * 0 (r) and a Slater determinant of electron orbitals M R ψ m (r). The overlap between two Slater determinants is given by the determinant of the matrix of overlaps between the two sets of orbitals 51 . Hence
where A(R) is a matrix whose element A mm ′ (R) is the overlap between M R ψ m (r) and ψ m ′ (r). The factor in front of the determinant is the overlap between the hole states. Since χ ↓ and χ ↑ are orthogonal,
where ∆ mm ′ (R) is the overlap between M R φ m (R) and φ m ′ (r). The matrix ∆(R) plays a crucial role in the calculation of the energy of the Skyrmionic exciton. Its matrix elements are given by (R = X + iY )
where L m ′ m is a Laguerre polynomial. In their current form, Eqs. (55)- (57) do not provide a practical way of calculating i R |i 0 . This is because the size of the matrix A(R) is determined by the degeneracy of the Landau level, which becomes infinite in the thermodynamic limit. However, on physical grounds we expect that i R |i 0 should only depend on those m states for which u m and v m are different from 0 and 1, respectively. This is indeed the case. Setting u m = 0 and v m = 1 for m ≥ M , we can rewrite Eq. (55) in terms of a matrix whose size is determined by M . The algebraic manipulations that are involved essentially amount to a particle-hole transformation, whereby the filled ν = 1 state |0 becomes the vacuum state for spin-↑ holes. The transformed expression does provide a practical way of calculating i R |i 0 . A final Fourier transform then yields i P |i P . Next we turn to the calculation of the numerator in Eq. (53). Using Eq. (51), the numerator can be written as
To evaluate i R |H|i 0 we use Wick's theorem 52 . This theorem allows us to decompose the matrix element of a product of n creation and n annihilation operators between the states |i 0 and |i R into a product of "propagators"
where e † mσ (R) creates an electron of spin σ in the state M R φ m (r). The "propagator" G mσm ′ σ ′ (R) gives the probability amplitude that, if a hole is created in a state with angular momentum m ′ and spin σ ′ centered on R ′ = 0, it will "propagate" to a state with angular momentum m and spin σ centered on R ′ = R. In the coordinate representation the "propagator" is given by the overlap between two Slater determinants with one electron missing. This overlap can be expressed 51 in terms of the minors of the determinant of A(R). The minors in turn are related to the inverse of A(R). We thus obtain
At R = 0 we have A 
where ε h mj is the energy of the hole d , and
One may check that at R = 0 each of the terms in Eqs. (65)- (69) reduces to the corresponding term in Eqs. (16)- (20) . After a suitable particle-hole transformation [see the discussion after Eq. (57)], Eqs. (64)-(71) provide a practical (though cumbersome) way of calculating i R |H|i 0 . Taking the Fourier transform yields i P |H|i P . The calculation is completed by numerically minimizing E SX (P) as a function of the parameters u m and v m with m < M .
Zero-momentum state
The initial state with P = 0 is of particular interest because it is the state that determines the recombination spectrum in a disorderless system. Figure 9(a) shows the difference between the energy of a Skyrmionic exciton with P = 0 and the energy of a magnetoexciton with P = 0. Figure 9 (b) shows the corresponding difference in spin. Figure 9 should be compared with the equivalent Fig. 6 size of the Skyrmion bound to the itinerant hole is determined by the same three competing effects that determine the size of the Skyrmion bound to the localized hole (Sec. 4.3) . Again the Skyrmion shrinks with increasing Zeeman energy, and when the hole is brought closer to the electron plane. The threshold value of g below which Skyrmions form at a given d is almost the same in both figures.
The energy and spin differences shown in Fig. 9 were obtained using a variational wave function with M = 14 parameters. This accounts for the discrepancy between the energy scales in Fig. 9 and Fig. 6 (which was obtained using a wave function with M = 60 parameters). In Fig. 10 we compare the energy and spin differences for the delocalized state |i P=0 with the energy and spin differences for the localized state |i R=0 , using the same number of parameters (M = 14) for both states. Ideally we would like to use as many parameters (M = 60) for the delocalized state as for the localized state. Unfortunately the increased complexity of the calculation limits us at present to a maximum of M = 14 parameters. We believe that this number of parameters is sufficient to capture the essential features. We have found that increasing the number of parameters from M = 10 to M = 14 increases the absolute value of ∆E and ∆S z , but does not alter their behaviour with g and d.
We therefore expect that the results of a calculation with M = 60 parameters will be similar to those shown in Fig. 9 , except for a change of scale along the vertical axes. Figure 10 demonstrates that for wave functions with the same number of parameters, the delocalized state has a lower energy and a larger spin than the localized state. From our results for the localized state using M = 60 parameters (Fig. 6) we therefore expect Skyrmionic excitons with at least 3-4 spin flips in systems of experimental interest.
Most importantly, our calculation shows that the lowest-energy state probed by a PL experiment at ν = 1 is not a P = 0 magnetoexciton. Instead, the lowestenergy state is a P = 0 Skyrmionic exciton. In the following section we explore the consequences of this result for the optical recombination spectrum.
Optical recombination of Skyrmionic excitons
The selection rules for the optical recombination in a pure system require the conservation of the total generalized momentum P. The conservation of P arises from the invariance of the pure system under magnetic translation, and is not required in the disordered system. In addition we still have the spin selection rule, which stipulates that the final state must contain |S z + The reversed spins in the pure system are not simple spin flips, but spin waves which have their own momentum quantum number P.
The selection rules allow us to make an important observation about the recombination spectrum without having to calculate the detailed line shape. Assuming (as usual) complete energy relaxation before recombination, the initial state is a Skyrmionic exciton with P = 0 and spin S z . The selection rules then require a final state containing |S z ± 1 2 | spin waves, whose total generalized momentum is P = 0.
For final states containing multiple spin waves, the final state energies form a continuum between (E f ) min = |S z ± 1 2 ||g e |µ B B (corresponding to |S z ± 1 2 | spin waves, each of zero momentum), and (E f ) max = |S z ± 1 2 |(|g e |µ B B + π/2 e 2 /ǫℓ) (corresponding to |S z ± 1 2 | widely separated spin-↓ quasielectrons and spin-↑ quasiholes). Here we have used Larmor's theorem, which says that the energy of a spin wave of zero momentum is given by |g e |µ B B, regardless of the interaction among the electrons. Hence the RCP and LCP lines have an intrinsic width |S z ± 1 2 | π/2 e 2 /ǫℓ, where the upper sign applies to RCP and the lower sign to LCP. The LCP line has a larger intrinsic width than the RCP line since more spin waves are left in the final state.
The intrinsic width is a unique feature of the recombination spectrum of a Skyrmionic exciton. A similar broadening of the line shape due to the formation of a spin texture has been found in the absorption spectrum of a Skyrmion bound to a charged impurity 10 . The recombination spectrum of a magnetoexciton has no intrinsic width because the final state is either the fully polarized state |0 (in the case of RCP), or a state containing one spin wave of zero momentum (in the case of LCP). In either case there is only one final-state energy, and hence the spectrum consists of a sharp line in both polarizations.
An additional extrinsic broadening of the luminescence lines can occur due to finite temperatures or the presence of a weak disorder. The extrinsic broadening of the recombination spectrum of a magnetoexciton has been examined in detail by Cooper and Chklovskii 32 . They have shown that the extrinsic broadening can account for the difference in line width of the RCP and LCP lines observed by Plentz et al. 26 in narrow quantum wells. The observed difference in line width is also consistent with the intrinsic broadening characteristic of Skyrmionic excitons, provided they could form in these narrow wells. In wide quantum wells both the intrinsic and the extrinsic mechanisms will contribute to the broadening of the luminescence lines. It would be interesting to study the evolution of the line width with temperature and disorder. The difference in line width should persist to low temperatures and high mobilities in wide wells, where the intrinsic mechanism dominates, but not in narrow wells, where the extrinsic mechanism operates.
The PL energies for the pure system can be calculated using the method of moments discussed in Sec. 4.4. Instead of the localized state |i 0 , we now use the delocalized state |i P in Eq. (27) . We have calculated the energies of the RCP and LCP lines for transitions from the P = 0 state. The results are qualitatively similar to the results for the disordered system shown in Fig. 7 . The mean luminescence energy ω increases with g up to a threshold g c . Above the threshold ω does not vary with g. By setting u m = 0 and v m = 1 we can show that for a magnetoexciton ω is independent of g. Hence a measurement of the g dependence of ω could be used to distinguish the optical recombination of a Skyrmionic exciton from the optical recombination of a magnetoexciton. However, due to the finite-size effect (Sec. 4.7) the g dependence of the redshift of the LCP line might provide a clearer optical signature. For a Skyrmionic exciton the redshift increases with g while for a magnetoexciton the redshift is independent of g. Using a wave function with M = 14 parameters, we find that the redshift increases by 0.03 e 2 /ǫℓ when g varies between 0.025 and 0.02 (here d = 3ℓ). The change in the redshift may be measured by the methods discussed in Sec. 4.6.
Dispersion relation
Thus far our discussion has focused on the state with P = 0, which determines the PL spectrum of the pure system at low temperatures. States with nonzero P can also be probed, for example by means of a resonant light scattering experiment. In this section we derive exact results for the electric dipole moment and the asymptotic form of the dispersion of a Skyrmionic exciton. We also discuss features of the dispersion relation obtained from the variational state |i P .
The electric dipole moment of a Skyrmionic exciton is given by
The electric dipole moment is independent of the spin, and equal to the dipole moment of a magnetoexciton in the lowest Landau level 45 . Equation (72) is a general result for a Skyrmionic exciton restricted to the lowest Landau level, which does not rely on the specific form of the variational wave function in Eqs. (49)- (51) . To prove Eq. (72), we write the Gor'kov momentum for N charges in a magnetic field as
where We can use Eq. (72) to establish the exact asymptotic behaviour of the dispersion relation for a Skyrmionic exciton in the limit |P| → ∞. Suppose that, instead of Eq. (5), we were given the exact ground state for a Skyrmion localized at the origin of the x-y plane. Such an exact ground state has been found explicitly for the case of a hard-core interaction among the electrons 12 . We denote the exact ground state by s † 0 |0 , and its energy by ε SK . We now use the state a † 0 |0 = s † 0 h † 0mj |0 to construct the Skyrmionic exciton, instead of Eq. (49) . The resulting state |i P is an exact eigenstate of H e + H h + V ee with eigenvalue ε h mj + ε SK . If s † 0 |0 is within the lowest Landau level, |i P has an electric dipole moment given by Eq. (72). The electric dipole moment may have two contributions: one from the separation between the hole and the center of mass of the Skyrmion, and one from the internal dipole moment of the Skyrmion relative to its center of mass. However, because the Skyrmion is in its ground state the internal dipole moment must vanish. Hence the separation between the hole and center of mass of the Skyrmion in the state |i P is r 0 = d/e. The electron-hole interaction V eh breaks the degeneracy of the states |i p with respect to P. For large |P| the energy shift due to V eh is −e 2 /(ǫ|r 0 |). Thus the exact asymptotic behaviour of the dispersion in the limit |P| → ∞ is
An approximate dispersion law for the Skyrmionic exciton is obtained by minimizing the energy of the variational state given by Eqs. (49)- (51) as a function of P. The results for a variational state with M = 10 parameters are shown in Fig. 11 . Near P = 0 the dispersion is parabolic with an effective mass that differs by less than 7 % from the effective mass of a magnetoexciton. As |P| increases, the energy of the Skyrmionic exciton approaches that of a magnetoexciton. Above a certain value of |P| (approximately 3.5/ℓ for the values of g and d chosen in Fig. 11 ) the magnetoexciton is the lowest-energy state within the variational space.
While the variational state gives sensible results for the dispersion at small values of |P|, this state does not adequately describe the dispersion at large |P|. The dispersion obtained from the variational state approaches ε 
The average separation between the spin-↓ electrons and the spin-↑ hole is
For comparison, the pair correlation function for the localized Skyrmion is 2πg ↓↑ (r) = u 2 0
and r ↓↑ = 0. Equation (76) shows that the average separation between the spin-↓ electrons and the spin-↑ hole becomes larger as |P| is increased. Thus the Skyrmion develops an internal dipole moment. The internal dipole moment which is associated with flipping an extra spin in the state |i P becomes energetically unfavorable at high |P|. Hence the magnetoexciton becomes the lowest-energy state above a certain value of |P|. According to the arguments given earlier, the internal dipole moment must vanish in the exact state |i P . The variational state thus fails to reproduce the correct asymptotic behaviour of the dispersion at large |P|. Increasing the number of variational parameters cannot suppress the internal dipole moment and thus does not remedy this failure. The construction of a variational state that does produce the correct dispersion in the high-|P| limit is left for for future research.
Summary
In this review we have presented a detailed investigation of the optical properties of quantum Hall Skyrmions. Skyrmions replace ordinary spin-1 2 quasiparticles as the elementary charged excitations of a quantum Hall system at filling factor ν = 1 for sufficiently small Zeeman coupling. The optical recombination of Skyrmions with photoexcited holes determines the PL spectrum near ν = 1 in heterojunctions and quantum wells where the electron-hole separation exceeds a critical value.
The optical recombination in a disordered system takes place between a Skyrmion and a hole localized near a minimum in the disorder potential. The PL spectrum at ν ≥ 1 consists of a RCP line and a LCP line whose mean energy: (1) does not depend on g for spin- At ν < 1 the spectrum consists of a LCP line shifted down in energy from the LCP line at ν ≥ 1. The g dependence of the redshift provides a way to determine the nature of the negatively charged excitations using PL spectroscopy. The redshift increases with g if the charged excitations are Skyrmions, but does not depend on g is they are spin-1 2 quasielectrons. The g dependence of the redshift can be measured, for example, by tilting the magnetic field or by applying hydrostatic pressure.
Skyrmionic excitons-consisting of a Skyrmion and a hole bound together by their mutual Coulomb attraction-govern the optical recombination in a pure system. Skyrmionic excitons replace ordinary magnetoexcitons as the lowest-energy excitations probed by a PL experiment at ν = 1. The g dependence of the redshift of the LCP line can be used to distinguish between the optical recombination of a Skyrmionic exciton and the optical recombination of a magnetoexciton. Skyrmionic excitons have their own dispersion relation in terms of a quantum number P, which plays the role of the total momentum in a magnetic field. The electric dipole moment of a Skyrmionic exciton is independent of its spin and equal to the dipole moment of a magnetoexciton.
It is hoped that the results presented in this review will aid in the interpretation of PL experiments on quantum Hall systems near filling factor ν = 1. They might also be of relevance to spectroscopic studies at other filling factors for which the ground state is spin polarized. For a more detailed comparison between theory and experiment a calculation of the line shape is needed. Efforts in this direction are currently underway. 10 . Comparison of (a) energy and (b) spin differences for the delocalized state |i P=0 and the localized state |i R=0 . The energy and spin differences were calculated using the same number of variational parameters (M = 14) for both the delocalized and the localized state. The separation between the electron and hole planes is d = 3ℓ. 
